Abstract. We present here a theoretical study of eigenmodes in axisymmetric elastic layers. The mathematical modelling allows us to bring this problem to a spectral study of a sequence of unbounded self-adjoint operators An, n ∈ N, in a suitable Hilbert space. We show that the essential spectrum of
Our problem appears to be more difficult than those mentioned above. Indeed, in our case the free boundary does not permit us to extend directly the results of [1] , moreover as the medium is heterogeneous with unbounded boundary, we cannot also extend the result of [2] and [5] .
The main result of this paper is the determination of the essential spectrum of the operator A n . Then we establish two existence results of eigenmodes for suitable Lamé coefficients.
Our paper is organized as follows. In Section 2, we obtain the equations for eigenmodes. Section 3 is devoted to the mathematical study of the problem. As we shall see, an eigenmode appears as an eigenfunction of an unbounded self-adjoint operator A n (with two variables) defined in an adequate Hilbert space. In Section 4, we establish the regularity of u, the solution of A n u = f in the exterior domain Ω R =]R, +∞[×]0, h[. In Section 5, we study σ e (A n ) which is the essential spectrum of the operators A n . This is a fundamental preliminary step in the analysis of their point spectrum. The value of the lower bound of σ e (A n ) seems predictable but its proof is not so much trivial. Indeed, as the free surface is unbounded, this leads to significant difficulties in elasticity. To overcome these difficulties, we introduce weighted Sobolev spaces, which is not classic in the previous works on waveguides, to obtain a compactness result. In Section 6, we give sufficient existence conditions of eigenmodes for the operator A n . Here we point out the influence of the perturbation.
The equations
Because the structure of the layer is cylindrical, we are looking for a particular solution U (x, t) of the form:
where (e r , e θ , e z ) is the local basis of the cylindrical coordinates (r, θ, z). The field U (r, θ, z, t) must satisfy the elastodynamic equations (in cylindrical coordinates) [6] :
where σ is the stress tensor given by Hooke's law: 
We denote by u(r, z) = (u 1 , u 2 , u 3 ) the field of amplitudes. Therefore, to find the eigenmodes we must solve, for each n ∈ Z, the following two dimensional problem:
where A n is the partial differential operator defined formally by:
and the matrices B and B i , i = 1 to 8, are given by:
The reduced stress vector σ n z (u) is given by:
Remark 2.1. 1) We have introduced (−i) in the solution (1) to deal with a system with real coefficients.
2) We point out that if the field u = (u 1 , u 2 , u 3 ) satisfies (P n ) then the field u = (u 1 , −u 2 , u 3 ) satisfies (P −n ). Therefore it is sufficient to study the problem (P n ) for n ∈ N.
3) The system of solutions of the form (1) is complete since each solution of (2) can be expanded in series of solutions of type (1). This can be rigorously proved by using Fourier decomposition in θ (see [10] forΩ a bounded axisymmetric domain).
The variational formulation ofP n
In the following we suppose that λ, µ, ρ ∈ L ∞ (Ω) and satisfy the assumptions:
We also define the velocities of the P and S waves given respectively by
and
We define the real Hilbert space:
with the inner product (u, v) = Ω uvρr dr dz.
We then define a sequence of real Hilbert spaces:
with the norms:
Consider the following bilinear form on V n × V n defined by:
The variational formulation of (P n ) is:
The bilinear form a n (., .) is obviously symmetric and continuous, we shall show that it is coercive and, consequently, it defines a self-adjoint operator A n in H. Then the problem (P n ) is equivalent to the spectral problem:
The coerciveness of a n (., .)
We have the following decomposition:
where
with ε n (u) the symmetric tensor
To prove the coerciveness of a n it suffices to establish the following inequality
For this we use Korn's inequality in the half-space Π h := {x ∈ R 3 , x 3 < h} (cf. [9] ):
The inequality (14) is also valid forũ ∈ W 1 0 (Ω) := {ṽ ∈ H 1 (Ω) 3 ;ṽ| z=0 = 0}. We would like now to derive (13) from (14). We proceed in two steps.
Step 1. We recall some transformations between Cartesian and cylindrical coordinates (cf. [10] ). Each vector fieldũ = (ũ 1 ,ũ 2 ,ũ 3 ) is transformed into a vector field u = (u r , u θ , u z ) onΩ by
We get the following integrals
Step 2. We consider test functions u (n) , n ∈ N, such that:
is an arbitrary field in V n . The vector fieldũ (n) associated to u (n) by the inverse transformation (15) belongs to the space W 1 0 (Ω). Inserting the test functionsũ (n) in (14), and taking into consideration (16) and (17), we derive the estimate
To conclude, we use the inequality
and the following Poincaré inequality
Hence, we have proved the following
Proposition 3.1. The bilinear form a n (u, v) is coercive i.e. there exists a constant
Vn , ∀u ∈ V n . Applying the Kato first representation theorem (see [7] ), we assert that a n (., .) spans a self-adjoint operator A n defined in H by:
Using the generalized Green's formula, we obtain
Notice that the traces σ n τ z (u)(r, h), τ = r, θ, z, lie in the space H −1/2 loc (R + ). Now we are going to study the spectrum of the operator A n , but in a preliminary step we study the essential spectrum. First of all we prove a result on the regularity of an element u ∈ D(A n ) in the exterior domain
e. outside the perturbation). Such a result will be useful in Paragraph 5.1 to get a compactness result.
A regularity result
We consider the equation:
Due to the coerciveness of a n (., .), the estimation u Vn ≤ C f H follows. Our purpose now is to obtain a better estimation on Ω R1 , namely:
This inequality would be obvious if the domain was bounded. First of all we transform the equation (22). We
) satisfies the inequality:
, we consider the quantities:
The condition of free surface {σ n rz (u) = σ n θz (u) = σ n zz (u) = 0, for z = h} implies together with (6) that
Consequently, the traces σ 13 (v)(r, h), σ 33 (v)(r, h) and ∂v 2 ∂z (r, h) lie in the space H 1/2 (R, +∞). Then the field
2 satisfies the 2D elasticity problem:
Moreover we have:
The function v 2 ∈ H 1 (Ω R ) satisfies the scalar problem:
with the estimation g 2 1
2
≤ c u Vn . Now we look at the regularity of v in the unbounded domain Ω R1 . Without loss of generality, we can suppose that
where v is the solution of (P 1 ) − (P 2 ), we see thatv m = (v m1 , v m3 ) and v m2 satisfy regular elliptic boundary-value problems in the bounded domain Ω m . Hence v m ∈ H 2 (Ω m ) 3 and we have the following inequality:
where the constant c is independent of m (the diameter of Ω m which is uniformly bounded).
on Ω R1 where m 0 is the integer part of R 1 , we obtain:
).
Hence we have the result: Proposition 4.1. Let u ∈ V n be a solution of (22), then u satisfies:
The essential spectrum of A n
The operator A n is self-adjoint and non negative, then its spectrum is a subset of R + . Since the imbedding of V n in H is not compact, the resolvent of A n is not compact and its spectrum σ(A n ) is composed of a continuous part (the essential spectrum σ e (A n )) and sometimes of a discrete part σ d (A n ) corresponding to the eigenmodes. We recall (see [12] ) that a real number σ ∈ σ e (A n ) if and only if there exists a singular sequence u p ∈ D(A n ) such that:
Often the essential spectrum of the global operator A, defined onΩ as Hilbertian sum of the operators A n , coincides with the spectrum of the non-perturbed operatorĀ (corresponding to the homogeneous layer). The study of the reduced operators (obtained after performing Fourier transformation in the horizontal direction) enables us to predict the lower bound of σ(Ā). Thus we should have σ e (A n ) ⊂ σ(Ā). But the initial hypothesis (σ e (A) = σ(Ā)) is not proved in this general case. We can prove this strictly (as in [5] ) under a restrictive hypothesis on Lamé coefficients, namely if λ and µ are Lipschitz continuous functions, which restricts the generality. The aim of this section is to prove the inclusion σ e (A n ) ⊂ σ(Ā) in the general case (i.e. when λ, µ ∈ L ∞ (Ω)). First of all we establish a compactness result based on Proposition 4.1.
A compactness result
We recall some properties of weighted Sobolev spaces. To our knowledge theses spaces have not been used before on the similar works in waveguides.
Definitions. For s, t ∈ R, we define the Hilbert spaces:
where F is the Fourier transform and ρ(x) = (1 + 
Proof. a n (., .) can be written in the form:
with div n u given in (12) and
Using the inequality (20) the decomposition (25) gives
, we integrate twice by parts to get (24). The following proposition is the key result which will be useful in the next paragraph to determine the lower bound of the essential spectrum of A n . 
The essential spectrum
The following lemma gives a lower bound for the essential spectrum of A n .
Lemma 5.4. For all n ∈ N we have: The sequence (u p ) satisfies all the properties of a singular sequence. This proves that σ ∈ σ e (A n ). As σ e (A n ) is a closed set, the theorem is proved.
